Proc. of the # COST G-6 Workshop on Digital Audio EffeBtaFx99, NTNU, Trondheim, Dec. 9-11, 1999

MATERIAL DESIGN IN PHYSICAL MODELING SOUND SYNTHESIS

Pirouz Djoharian

A.C.R.O.E.
46, avenue Felix Viallet 38000 Grenoble, France
Pirouz.Djoharian@imag.fr

shown how constitutive laws of linear viscoelasticity are involved
in vibrating mechanical systems. In the last section, algorithms
for computer simulation and a general framework for physical
modeling design are outlined.

ABSTRACT

This paper deals with designing material parameters for
physical models. It is shown that the characteristic relation
between modal frequencies and damping factors of a sound 2. CONSTITUTIVE EQUATIONS
object is the acoustic invariant of the material from which the
body is made. Thus, such characteristic relation can be used for
designing damping models for a conservative physical model to
represent a particular material.

Mechanical property of a material is expressed in form of a
constitutiveequation, i.e. an equation that is independent of the
geometry of the body and depends only on its material nature.
This equation involves a pair of intensive and extensive
1. INTRODUCTION dependent variables stregsand straine. Stress is defined as
force per unit area, while strain is the fractional change of size
In recent years, physical modeling has gained interest among(l€ngth, volume, angle, etc.). The simplest constitutive equation
computer music researchers and artists. Due to the closelS the Hooke’s law of pure elasticity, which states that stress is
interaction with musical acoustics research, this synthesis Proportional to strain:o = ke. But in real materials, internal
technique is often understood as a tool for reproducing existing dissipation of energy has also to be considered. When a body of
instrument sounds. But, the present work sees the physical modefmaterial is subjected to a deformation, its microscopic structure

as an open and challenging framework, allowing musicians to May experience Ipcal activities. The microsc_:o_pic rearrangements,
explore their own imagination. in any real material, necessarily require a finite time. Hence, the

constitutive equation must involve the time variable. Throughout
this work, we consider only vibrations of small amplitudes, so
we may assume linearity. Thus, linear viscoelasticity [4,5] is
considered as the fundamental mechanical behavior of materials.

However, to retain reference to the physical world, the
starting point is observation of traditional instruments and
various sound objects. The sound produced by an acoustic
instrument can be affected by many factors, including the
material from which the instrument is made, its size and shape,
and the way it is played. Approximation techniques such as finite 2.1. Linear viscoelasticity
elements or finite differences enable us to model different shapes
[1,2]. Our aim is to introduce the material as another parameter =~ The mathematical formulation of linear viscoelastic behavior
in the physical model design. considers a material as a causal (fixed) linear system,onahd

Geometry and Mathematics have trained our mind to € as input-output variables. Aging phenomenon is then neglected
conceive pure and abstract forms without any matter. The and temperature assumed to be constant. A general linear system
converse might be more difficult, like imagining a color without can be characterized by one of its system’s functions : impulse
any form. There are probably some correlations between theresponse, harmonic response, etc. [6]. Considering the staagin
sound perception of material and shape. Anyway, in most the input ando as the output, a constitutive equation has the
situations, it is possible to recognize sound objects as belong togeneral form of a convolution integrat:= ks* &, wherek; is the
one of the material categories: metal, wood, plastic, etc. impulse response of the material sample.

Leaving the above question open, the problem will be treated  Expressed in the transform plane, the convolution reduces to
in a purely physical point of view. The first step is to look for multiplication by therelaxancek(s), i.e. the Laplace transform of
some invariant features in acoustical signals produced bykyt). The knowledge of viscoelastic properties of materials is
different resonators made of the same material. We are faced to fased on measurements. The most easily measurable viscoelastic
new version of the famous Kac's problem : “can one hear thefynctions are the step and the harmonic responses.
material of a drum?” [3]. Using the viscoelasticity theory, it is The step response(t), referred taelaxation is the gradual

shown that this acoustical invariant is a particular relation jocrease of stress when the material is held at constant strain.
between frequencies and damping factors. The presentation ishe narmonic response expresses the delay of the strain when

Qrganizgd as foI'Io.ws. In seiction 2,.Constitutive equationg e,mdthe material is subjected to a harmonic stress. It is expressed by
linear viscoelasticity are briefly reviewed. In section 3, it is the complex moduluis*(c) = k(ic) = K (c)+ik” (), which is the
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ratio a/e when the material sample experiences harmonic for viscoelastic behavior: thermoelasticity, relaxation by point
oscillations at frequencyo. The maximum potential energy  defects or solute atoms motions, interface motion and air flow in

stored and the amount of energy dissipate@dnh cycle are ~ composite and porous materials, etc. [5,7]. Each relaxation

respectively proportional to the storage and loss modkilus process corresponds to a particular peak of the loss modulus
and k”(«). The loss factorn = k”(w)/kK'(«) measures the k” (). Wiechert models witim = 4 to 10 elements can represent
damping capacity of the material. linear viscoelastic properties of solids with a good

The storage modulus is an increasing functiomof fact, approximation. Relaxation times and weighting coefficients
at high rate strain, fewer relaxation processes have enough timgM@y be calculated by model fitting methods so Fetp(4/7)/k
to be completed. A relaxation phenomenon requires time but @PProaches aobserved relaxation function [4].
also kinetic energy. Thus, each relaxation process has best
efficiency at an optimal strain rate. Hence, the pldt’¢t) may
exhibit several peaks at various frequencies. Roughly speaking,
the frequency axis can be divided intro three regions:

1. therubberyregion, wher&k’ andk” are low and have

slow variations

2. the transition region, wherek’ increases fast ank’

have one or several relaxation peaks.
3. theglassyregion,k’ attains a high stationary value and
k” has again a low value.

N
@

s = B N
& o
Loss Modulus k'(c)

Storage Modulus k()

6
5
4
3
2
1
bt

&)

o

Loss Modulus k'(c)

Storage Modulus k{c)
Lo v & o o B

2.2. Lumped parameters models Figure 1Plots of storage and loss modulus of a Zener

By considering two idealized elements, the pure spring and (top) and a 2-order Wiechert (bottom) models.

the pure dashpot and combining them in series-parallel
assembly, one obtains a wide variety of viscoelastic behaviors.
Relaxance of such model is a rational fractigs) = P(s)/Q(S)

and the convolution integral may be replaced by a constant
coefficient differential equation. The simplest combinations We consider now the influence of the viscoelasticity on
involves a pair of spring and dashpot in series (Maxwell unit) or vibrations. Let us investigate first the case of a single degree of

3. VIBRATING SYSTEMS

in parallel (Kelvin unit). freedom.
Kelvin unit has an infinite relaxation time, while Maxwell
model has no equilibrium elasticity (i.(c0) = 0). Relaxation 3.1. Single degree of freedom

function of a Maxwell unit is a decaying monential exp/1)
wherert = ZKk is the ratio of the dashpot and spring constants. By Let us consider a single mass connected to the ground by
adding a pure spring,, in parallel one obtains the Zener unit ann-order Wiechert model. The equation of free oscillations, in

which is the simplest model of linear viscoelasimid. The the transform plane is
Zener model is defined by three parameteks, k@ or o
equivalently by K., T,x) wherex = (K. +K)/k, = k'(c0)/k’(0) is a me + k(w) - i K - 0 @)
measure of the strength of the viscoelastic process. A generalized & s+t
Maxwell or an-order Wiechert model [4] is the series assembly
of a pure spring,, to n parallel Maxwell units i,z) (Fig. 1). Examination of pole-zero positions of equation (2) shows that
Relaxance of a Wiechert model is shown below: viscoelastic oscillators have at leasbverdamped free solutions
N N 4 exp(ait) and at most, a single underdamped solution exp(-
k(s) =k, + Z k — Z k; L = (1) at)exp(d at), where &; and a+iw are then+2 zeros of equation
=1 1 S+ (2). Except for the case = 1, we cannot hope to solve

analytically this equation. However, some general features of the
Relaxed and instantaneous modulus of a Wiechert model aresp|utions can be outlined. Let us first introduce the ‘natural
k'(0) =k, and k'(«) = k.tZk. Here again, the ratix = frequency a, defined byw? = K'()/m. From (2) we may
K'(0)/k’(0) measures the overall viscoelastic strength. deduce
Relaxation function of a Wiechert model is a sum of decaying
exponentialdk(oo)-Zexp(/1)/k, wherert, = z/k; is the relaxation a1
time of thei-th underlying Maxwell unit. If the relaxation times To=20t) a ®)
7; are spread enough, the loss modliu@y) hasn peaks located
atw = 1/. which entails that the damping factors have an upper bound, in
Every lumped parameter model may be represented as aparticular Zr<r,", where 7, is smallest relaxation time.
Wiechert model. The decomposition is close to the partial According to the location ofy, in respect to relaxation peaks,
fraction decomposition of the rational relaxak¢® = P(s)/Q(9). the following features can be stated (see Fig. 2):
In real materials, there are many causal mechanisms responsible
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1. If ap<1y" (i.e. rubbery regionyp~ ayVy, anda « ay’
2. For abe[rl'lvrn'l] (i.e. transition region)a grows by stages
3. If iy'< ay (i.e. glassy region)w ~ ay and a reaches a

stationary value.

In the case of a Zener model, it can be shown that, in the
rubbery regionga = T2, while in the glassy regioo = (x-
1)/(2rx). The behavior ofa should be compared with the
damping factor of a standard harmonic oscillator (i.e. with a
Kelvin unit), in which caser = tc,?/2, for everyauy,.
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Figure 2Plots ofa and w versusay, for a 2-order
Wiechert oscillator withr;= 0.1 and 0.001y; =5 and 3.

3.2. Multiple degrees of freedom

Let us consider a set op little massesm,...m,
interconnected by a viscoelastic network, defined by the
symmetric transfer matrixK[(s)]. Let [M] be the mass matrix.
The equation of equilibrium in the transform plane is

((M]s* +[K(9)]) X(s) = F(s) 4)

Multiplying by an appropriate polynomig&l(s) (i.e. the roots
of Q are then relaxation times of the whole edges), this equation
is transformed into the following form

[P(s)]1X(s) = Q(s)F(s) ©)
where the IP(s)] is a matrix polynomial. Thus, the free vibration
of the network is a combination of underdamped and
overdamped exponentials : explexp(iat) and exp(at),
where @; and atiw are the zeros of the(n+2)-order
characteristic polynomial P(s) det(P(9)]). Elementary
solutions involving polynomials in, may appear if the matrix
polynomial P(s)] is defective [8].

A special case of interest is when all of the edges have the
same relaxation times and the same viscoelastic stréngdth
other words all the edges represent the same material. Then
equation (5) reduces to

(IM]s* + k(9K X (s) = F(s) (6)
wherek(s) is thenormalizedrelaxance of the material, i.koo)

=1 and K] a constant matrix. The (real) mode shape ma@ix [
of the underlying elastic network is characterized by the

following equations [9,10]:

[QI'[M][Q] =1 @)

[QI'IKIIQ] = diaglef.... o ®)
Thus, in the coordinates system defined by the mode shapes,
equation (4) may be expressed as a sptegfuations:
s* +wik(s) = (9) ©)
correspondingeach to a single degree of freedom viscoelastic
Wiechert oscillator of unitary masse and relaxamkge) =
whi?k(s). Now the main point of our argument is here:
multiplying k(s) by the scalaray,? does not affect relaxation
times and relaxation strengths. Thus, the underdamped
homogeneous solutions of (9) obey to the same frequency /
damping factor relation defined by the material. This frequency /
damping factor relation is what we refer to gignatureof the
material.

The homogeneity condition above may be extended in order
to include external viscoelasticity, proportional viscoelasticity
and product viscoelastic networks [9]. Extension to continuous
viscoelastic systems can be done by replacing matrices by their
corresponding differential operators and boundary conditions.
The homogeneity condition can be expressed as at eachxpoint
k(s,® = k(s)E(x), whereE(x) is a elastic constant arkgs) the
normalized relaxance of the material. Then, underdamped
frequenciesv and damping factorg obey to the same frequency
/ damping factor relation defined by the equasbu,’k(s) = 0.

4. SOUND SYNTHESIS

Section 3 stated that in the case of a homogeneous vibrating
system (i.e. the same strengifis k/k,, and relaxation timeg =
z/k,.) all of the vibrating modea+i w verify the same frequency /
damping factor relation. Therefore, one can use this property for
organizing the physical model design in two steps:

1.
2.

Design of the elastic skeleton, i.&][and K] matrices
Wearing the conservative skeleton with a particular material

The first step consists of determining relative frequencies as
well as their relative amplitudes. Finite element and finite
difference methods as well as experimental methods like modal
testing can be used to derive this underlying elastic skeleton
[1,2,10]. This conservative model can be obtained also by
abstract constructions including assemblies, products, fibrations,
etc. [9]. The next step is to choose a material reference for the
model. This can be achieved by various ways. One can define
time domain attributes (relaxation function, relaxation times and
respective strengths) as well as frequency domain attributes
(relaxance, storage or loss modulus). This can be done by
collecting physical data on real material, as well as designing
abstract imaginary material in the form of a Wiechert model.
Note that guaranteeing physicality, in particular causality,
requires some restrictions on the complex modulus [5].
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4.1. State space simulation add then to the real displacements.

For homogeneous materials a third modal synthesis can be

The time domain differential equation of a lumped parameter considered. According to 3.2, homogeneous material can be

viscoelastic vibrating system has the following general form: decomposed in high order viscoelastic real modes. The synthesis
algorithm is then similar to classical modal synthesis. But, here

(n+2) = Q)
[RIXT 4. +[Ru] X = GF ™ +..+ q,F (20) each mode corrpsnds to a high order differential equation:

where, X is the nodeslisplacement vector. Note that the order of ay\"? +ay ™+ +a,,y = bof.(”) +...+b f, (12)

the equation isn+2, wheren is the number of relaxation ! . ! ! !

processes in the whole system. By a standard transformation, Every modal equation can be simulated by the same
equation (10) can be rewritten in the state space as a first ordefg pniques as before, i.e. finite differences or IIR digital filters.
equation Y =[A]Y +[B]F, where Y is the state variable

con_tain_ing displacements at 'tpe_lodes as well as their firat1 5 CONCLUSION

derivatives. Simulation of this first order equation can be done

by standard finite difference methods (Euler forward/backward ] ) o ]
or Runge-Kutta). Note that for stability, the sampling period A general framework for introducing materials in physical

must be smaller than the smallest relaxation time in the whole Modeling sound synthesis was presented. It was shown that the
system [2]. acoustic invariant of each material has to banfl in some

specific frequency/damping factor function. Thus, a physical
model may be designed in two step: 1) modeling of geometric
data (i.e. strain operator discretization and boundary conditions),

. ) ) 2) wearing this conservative skeleton by a viscoelastic dress to
CORDIS-ANIMA system is a mechanical model simulator represent a particular material.

developed by A.C.R.O.E. based on the two step finite difference
simulation of Kelvin (non-linear) oscillators [11]. However,

4.2. CORDIS-ANIMA simulation
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